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LEAST COST SCHEDULING TECHNIQUES WERE ACCOMPANYING THE HISTORY OF MODERN PROJECT
MANAGEMENT, however they have never gained much importance in the
practice. Even in our days only a few computer application provide this
kind of feature to the users. In this paper a generalized PDM least cost
scheduling problem will be introduced, and a case study will be pre-
sented to demonstrate the effectiveness of the model. The case study
is based on a highway construction project, where the least cost sched-
uling technique developed by the authors was used in applied in order
to calculate the minimum direct cost solution to a given project dura-
tion. The authors came to a conclusion that least cost scheduling can
be a useful tool in the cost planning of the projects, however further
research are necessary (e.g. handle of the activity calendars) to make
the model suitable for everyday use.

INTRODUCTION

The original CPM problem, developed
by Kelley and Walker (Kelley at al. 1959)
was a least cost scheduling problem.
Some unusual characteristics and their
implications in project management
are discussed in (Weist, J.D. 1981). The
basic hypothesis concerning the activi-
tiesin the original CPM problem is, that
it can be determined a normal duration
and a normal cost related to the normal
duration for each and every activity,
and a crash duration and crash cost re-
lated to the crash duration. The crash
cost always greater or equal to the nor-
mal cost (see Figure 1.), and the change
of the cost is described by a linear func-
tion, within the interval of the normal
and crash duration. The cost slope
shows the increment of the cost for one
day shortening of an activity duration,
from the normal to the crash duration.

The goal in the CPM least cost sched-
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uling model is to define the minimum
direct cost to a given project duration,
that is to define the curve of the mini-
mum direct cost solution within the
interval of the maximum and minimum
project duration. The CPM technique
has lost his importance from the mid
sixties, early seventies, due to its rigid
structure, problems of the graphical
displaying of the network, and the poor
modelling possibilities in describing
logical relationships between activi-
ties. Instead a new technique, the so
called Precedence Diagramming Meth-
od (PDM) started to disperse all over
the world. One of the pioneers of the
PDM technique was Roy (Roy, 1959).

In our days the majority of the available
project management tools use the PDM
technique as their basic model, due
to the extended modelling function of
the technique (compared to CPM tech-
nique), and the greater flexibility in
modelling..
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Figure 1. Activity duration versus activity cost assumptions of the model

The PDM technique gives more flex-
ibility in modelling by introducing the
minimal and maximal precedence re-
lationships. The precedence relation-
ships describe the minimum neces-
sary, or maximum allowable time span
between the start or finish times of the
two activities, connected by the prece-
dence relationships.

Minimal precedence relationships are
well known by most of the planners,
however maximal precedence relation-
ships are considered relatively new
in project management practice, only
a small minority of the planners un-
derstand and apply them during their
work. Further details on maximal pre-
cedence relationships can be obtained
from the book of Hajdu. (Hajdu, 1996a)

The PDM Least Cost
Scheduling Model

In a PDM network techniques for con-
struction scheduling, arrows represent
activities and logical relationships
between activities and nodes present
events. Let a and b assign to each activ-
ity as crash duration time and normal
duration time. Assign to each activity
a cost K, (normal cost) to complete the
activity at the normal duration and a
cost K (crash cost)- greater than nor-
mal cost to complete at the minimum
duration. Let us supposed that cost
function of each activity is linear and
its slope is,
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where c=0. For a given activity time ,,t”
the cost is K,+(b-t)c. If a and b are
nonpositve numbers let ¢ be zero.

Let us see the model from the general
contractor’s point of view.

According to the contract between
general contractor and client, accom-
plishment of event i will be occurred at
time e=0. General contractor also has
contract with subcontractors. Let us as-
sume that general contractor gets and/
or pays D, amount of money if event /
has occurred. If D>0 then client pays D,
amount of money to the general con-
tractor. If D.<0 then general contractor
pays D, amount of money to the sub-
contractors. Based on the scheduling
event i will be occurred at a time w,. Let
interest rate per a day is g and d=Dg.
It means that d, is a daily benefit or out-
come depending of the sign of D, and
the sign of difference between u and e,
In an alternative reading let d be a
daily penalty for delayed delivery. From
the general contractor point of view if
d, positive and (u,> e), general con-
tractor should pay to the client since
event i delayed. If d, positive and (u, <
e), client pays to the general contrac-
tor daily d, amount of money because
event i completed earlier. If d, negative
and (u,> e), it means that subcontractor
pays to the general contractor because

event i is delayed. s a daily penalty for
delayed delivery. If d. negative and (u,
< e) general contractor should pay to
the subcontractor because event i com-
pleted earlier.
Mathematically the sum of

K,;+ (b,,]. - ri)ci/ +(w,-e)d,
for each activity should be minimized.

Mathematical model

Denote [N,A] a directed graph (net-
work) where N is a set of nodes and
A is a set of arcs whose elements are
ordered pairs of distinct nodes. Let it n
be the number of nodes and m be the
number of arcs. There is only one start-
ing node s and one end node t in [N,A]
directed graph. Directed graph con-
tains no parallel arcs (i.e., two or more
arcs with the same tail and head nodes.
This assumption imposes no loss of
generality. There is a path in a network
from node s to every other node in the
network.

Denote a, T, b,.i integer values for all
ijEA associated with network’s arcs,
where a;,<T,= b,y for all ij € A and sign
a,.i=sign b,./ foralljj€ A, moreover given
;=0 integer value for all ij € A associ-
ated with each network’s arc that repre-
sents the cost of acceleration of activity
ij if activity time is reduced by one unit
time. If b, is negative then let ¢,= o. For
the sake of simplicity a, b, c, T repre-
sent the corresponding vectors.

In engineering term T, represents ac-
tivity time of an activity ij € A with a,
b;/ lower and upper bound respectively
normal and rush time. Denote k, the
cost of activity ij for all jj € A. Denote p
the project duration time. Find to each
node a w, Vi € N value. An obviously
natural condition that T, < u-u, Vij €
A. The duration time of the network is
p, where p=u.-u_. Let u=o. Let [N,A]
directed graph be supplemented with
an arrow (t,s) for which a,:=-p, b, :=o,
¢, :=0.

Remark. For a non-splitting jjEA activi-
ties t,=u—u, is a condition.
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If t;< w-w, a;=v,< b, and t;< u-uw,
-b=a;sts<b,=-a, then; a=w-usb,.
Moreover if ;>0 then objective func-
tion attains its maximum value if
1:i/.=min(bi/, M;‘Mi) for all ij € A, that is
for all non-splitting activities = -y,
is satisfied. If =0, then T, is arbitrary
so let us choose T, that T,=u~u. For
splitting activities TSU-W is the only
condition.

We seek for all possible p values such a
T és u systems that

E Kb,/.+(b,/.—'cij )cw% (M;-e;)d;

icA

be minimal.
Least cost scheduling problem leads to
the following mathematical model.

Mathematical model.

Given a directed network [N,A] with a,

b, c; integer values where ¢,zo for all ij

€ Aand d, ViEN integer values where
E d,=0. Find y, foralliEN ; and T,
IEN

for all ij€A , for a given p (where

a:=-p) project duration time that

T, sw-wVijEA
T, <bVijEA

T, za,VijEA

u, =0

_p = Ms - “‘t
3 Ky, +(b,=7,)c, + Y (w, - e)d,
jjEA ieN

should be minimized that is

-3

ijeA ieN

should be maximized.

It is a dual of a special minimum cost
flow problem that can be solve by wide
range variety of algorithms. In our case
study a PDM least cost scheduling tech-
nique was used to find the optimal cost
solution in a given project duration
interval. The algorithm originally was
developed by Hajdu (Hajdu,1993) later
some generalizations were developed

by Hajdu and Malyusz (see below). The
algorithm was used for this case study
provides solutions for the following
specific cases:

» Original CPM cost model (Kelley et al,
1959)

» CPM least cost scheduling, with pen-
alty payment for late delivery, bonus
payment for earlier delivery.

» PDM least cost scheduling: only min-
imal precedence relationships al-
lowed, activities are carried out con-
tinuously, that is activity splitting is
not allowed ( EF-ES=t, LF-LS=t) (ES:
Early Start; EF: Early Finish; LS: Late
Start; LF: Late Finish; t: activity time
(Hajdu,1993)

» PDM least cost scheduling: only min-
imal precedence relationships are
allowed, splitting of activities are al-
lowed, that is in case of some activi-
ties EF-ES = t; and LF-LS= t. (Hajdu,
1996b)

» PDM least cost scheduling: both
minimal and maximal type of prece-
dence relationships are allowed, ac-
tivity splitting is not allowed. (Maly-
usz, 2003)

» PDM least cost scheduling: both
minimal and maximal type of pre-
cedence relationships are allowed,
splitting of activities are allowed,
that is, in case of some activities EF-
ES=t; and LF-LS=t (Hajdu and Maly-
usz 2008b)

» PDM least cost scheduling allowing
the application of time constraint in
the network. (Hajdu and Malyusz,
2008a) The following constraints are
handled in the model:

— Must start on...

— Must finish on..

— Start earlier then...

— Start later then...

— Finish earlier then ....

— Finish later then ...

— Any combination of the afore-
mentioned constraints

Constraints above can be trans-
formed to an inequality (1), (2) or
(3) in mathematical model.
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» PDM least cost scheduling accom-
plishing points 5,6 and 7 with pen-
alty payment for late delivery and
bonus payment for earlier delivery.
(Hajdu and Malyusz 2008b)

Case Study

The development of an algorithm that
solves the above mentioned general-
izations, and the software application
was finished in the summer of 2007,
and after some sample testings we
have decided to test the application
on several real and possibly large-size
project.

The following prerequisites were re-
quired towards the project to be chose:

» must be a construction project

» must be an ongoing project

» possible large scale project with
long project duration (above 2
years)

» must be an original well defined
and accurate baseplan (schedule),
with more than 1000 activities

The project chosen for testing is a con-
struction of a motorway in 6 km length.
This project is a relatively small section
of a huge construction programme,
that aims to make a motorway ring in
more than 150km-es around Buda-
pest — capital of Hungary - in order to
relieve the capital from the load of the
- mainly- international transit traffic.
The realization of the whole program
started in the late 70’s and will finish
around 2025. The dense built area, the
vast number of land owners (more than
30.000 owners on more than 20.000
properties) that makes the acquisition
very slow, non-governmental-environ-
mental organizations, make the whole
programme very slow and expensive.

The start of this project was October,
2005 the planned finish was June,
2007. Due to some legal and techni-
cal problems the project has been re-
scheduled in January, 2007 at the stage
of project completion below 10%. The
new deadline is October, 2008. In the
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time of the submitting of this paper
(uly, 2008), it seems that de deadline
will be met. At this time another 3 sec-
tion, and a bridge over the river Danube
will be finished, and the total length of
the ring will be more than 9o km.

The length of this section is 6,7 km,
contains 8 bridges, two junctions, re-
placement of more than 30 public utili-
ties, crossing the planned road, and
involves around 2million m3 earth-
work. The contracted fee € 4gmillion.
The client is the National Infrastructure
Development Ltd (NID), the contractors’
consortia is formed by Porr, Teerag-As-
dag and Viadom Zrt. The leading firm is
Porr Hungary, the Hungarian affiliate of
Porr Ag. NID is responsible for manag-
ing all the government financed infra-
structural projects (road and railway).
Its current contracted portfolio is above
€ 10billion.

NID has a very strict requirements re-
garding project planning and monitor-
ing, and requires from all the contract-
ed partners to fulfil their regulations in
these fields. The reason for this is that
NID manages not only the project but
the whole portfolio, therefore projects
have to be managed and handled in
the project management system in a
uniformed way. This includes:

- the methodology of developing the
schedule of quantities (A general
schedule of quantities comprises
around 3000 items, but in some
cases can go above 15 0oo items.)

— the methodology of establishing
the bill of quantities (priced
schedule of quantities).

- the methodology of preparing the
baseline plan (A baseline plan
generally consist of 1000 activities
but in some cases can go over
5000 activities.)

— the methodology of monitoring,
which is carried out monthly

— the methodology of handling
claims and paid and unpaid extra
works,

— the methodology of monthly
actualization of schedule
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These regulations are in use from the
year of 2000, a non-adequate or late
accomplishment costs a lot of money to
the contractors, therefore they produce
much better schedules comparing the
average construction industry level.

The baseline plan that was the basis
of our work was made in January 2007,
and comprises 576 activities and 746
logical relationships. The schedule of
quantities consisted of 1311 items. The
WBS (Work Breakdown Structure) has
been developed automatically from the
schedule of quantities according to the
standardized rules of NID. This project
is considered as a relatively small one in
NID’s practice.

In the baseline plan there was one criti-
cal path with the length of 532 days. The
plan has been developed in a schedul-
ing tools used by NID and the contrac-
tors, which can handle maximal type of
precedence relationships. Four different
calendars were used in the network.

Preparations for least cost
scheduling

Least cost scheduling requires the exis-
tence of normal time with the related nor-
mal cost, and crash time with the related
crash cost for each activity, so the most
important task during the preparation for
least cost scheduling was the definition
of these data. The second important part
ofthe preparation was to standardization
of the calendars, because the model has
been developed within the frame of this
research project do not handle different
activity calendars. During the prepara-
tion of activity durations and activity
costs we followed the principle, that the
activity durations and costs in the base-
line plan will serve as the normal dura-
tion and normal cost of our model, so our
task was to define the crash duration and
crash cost for each activity. For this two
methods were applied:
» detail investigation of an activity
» estimation, based on experts opin-
ion

Detail investigation has been carried
out for only 20 activities. At the and
of the investigation, crash durations
were reduced to 70-90 percent of the
normal durations, with the average
30-10 percent cost increment. It is im-
portant to notice that detailed investi-
gation and estimations have been led
to almost the same results.

During the process of the estimation
several meetings with the chief en-
gineer responsible for the construc-
tion were held in order to develop
crash durations and crash costs. The
result of the estimation was that ac-
tivity durations could be reduced
to 60-80 percent comparing to the
original durations, that is normal du-
ration, which resulted in an average
25 percent (10-40 percent) increment
in cost.

As the least cost algorithm developed
by the authors can not handle differ-
ent calendars in the schedule, stan-
dardization of the calendars was the
most time consuming activity during
the preparation. It has involved the
modification of the activity durations,
modification of precedence relation-
ships’ lag time, and sometimes add-
ing new relationships to the schedule.
Our aim was to get the same start and
finish time after the modification as
they were before, that is to keep the
results of the original schedule.

Least Cost Scheduling

The problem was solved with the
least cost scheduling module of Pro-
jectDirector 4.0. There were 34 break-
points in the cost curve. The minimum
project duration decreased to 530
from 467 days. The increment of the
project direct cost in this interval was
€ 4 755 537, thatis more than 63 days
shortening in the project duration is
possible and this costs less than 10%
of the contracted fee. The results of
the calculations are shown in Figure
5, and Table 1.
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Figure 2: Project duration versus increments of project direct costs

T T T T T N

Cost increment (Euro) o 1335 8491 10406 12399 512763 589987 902575

206 519 281142

981326 1296358 1375184 1454473 1613789 1693539 1777483 1862311 2125045 2212995 2392723
2485808 2594560 2821060 3277044 3396876 3522697 3748535 3988563 4232704 4484993 4755537

Table 1. Result of PDM Least Cost Scheduling calculations. Project duration versus cost increment

CONCLUSIONS

The results of the calculations were
promising. It can be stated that seri-
ous savings can be achieved by using a
least cost scheduling model, if project
speed up is necessary. The prepara-
tions especially the elimination of the
different calendars were very time con-
suming. This took more than 70% of the
total preparation time, therefore the
work is much convenient if only one cal-
endar is used in the schedule. During
the calculations we came to the conclu-
sions that in some cases precedence
lag times depend on the duration of the
preceding or succeeding activity. So far
this was left out of consideration.
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